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Abstract
Numerical evidence suggests that the superradiant instability of Kerr-AdS black holes and
“black resonators” evolves to smaller and smaller scales towards a “limiting” black res-
onator. Using AdS4 supergravity, we argue that this putative endpoint to the superradiant
instability does not exist.
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1 Introduction
Though AdS was once regarded as an academic curiosity, it has since attracted much more
attention due to gauge/gravity duality, where AdS solutions are dual to states of certain large
N strongly coupled field theories. Due to the existence of a timelike boundary, the gravitational
dynamics of Anti-de Sitter (AdS) are rather different than that of de Sitter or Minkowski space.
If one imposes energy and momentum conserving boundary conditions, waves can reach infinity
in finite time, reflect off the timelike boundary, and return to interact again with the interior.
These returning waves can cause black hole formation [1, 2, 3, 4] or, in the presence of ergoregions,
trigger superradiant instabilities [5, 7, 6, 8, 9].
In an effort to understand the superradiant instability, we investigate the existence of a special
class of solutions to the four-dimensional vacuum Einstein equation with negative cosmological
constant,
Rab = − 3
L2
gab , (1.1)
where L the AdS length scale. We focus on solutions that are asymptotic to global AdS, where
the boundary metric is conformal to the Einstein static universe Rt×S2. We will be preoccupied
by stationary1 solutions, but are ultimately interested in dynamical situations with reflecting
boundary conditions, where the energy E and angular momentum J are conserved. Unlike the
Poincare´ patch, dynamics with this boundary metric and reflecting boundary conditions are
non-dissipative.
1We call a solution stationary if it contains a Killing vector field that is timeline on an open set of the conformal
boundary.
1
Amongst the most relevant stationary solutions to (1.1) that satisfy these boundary conditions
are of course AdS itself and black holes. The Carter solution [10], otherwise known as Kerr-AdS,
is the most general black hole with global AdS asymptotics that is known in closed form. Kerr-
AdS with angular velocity ΩHL > 1 suffers from the superradiant instability [5, 7, 6, 8, 9].
This instability has its origins in the Penrose process [11], where energy can be extracted from
an ergoregion by particles. The wave analog of this process, where scattered waves can have a
larger amplitude than the incident wave, is called superradiance [12, 13, 14]. For asymptotically
flat black holes, superradiant gravitational waves will simply disperse at null infinity. In AdS,
however, the scattered wave returns towards the black hole and extracts more energy. The
process repeats until the (now) high-energy wave backreacts on the geometry, leading to the
superradiant instability [5, 7, 6, 8, 9]. The endpoint of this instability is an open problem in
general relativity, which we will partially address.
Recently, a new family of stationary solutions, black resonators were found [15]. These
are black holes that only have a single (helical) Killing field and can share the same energy
and angular momentum as Kerr-AdS. Though these black holes are entropically favoured over
Kerr-AdS, they are still unstable to superradiance, and therefore cannot be the endpoint of
this instability. More precisely, the (yet unpublished) results of [16] imply that any candidate
endpoint must satisfy ΩHL ≤ 1, and all black resonators found in [15] have ΩHL > 1.
Actually, for a given energy and angular momentum, there is a countably infinite set of
black resonators, a subset of which can be labeled by an integer m, with increasing values of m
labelling black resonators with increasing (but still bounded) entropy. Furthermore, (at least for
small energy solutions) as m → ∞, these solutions have an angular frequency that approaches
ΩHL → 1. It would be desirable to know if such a “limiting” m → ∞ black resonator with
ΩHL = 1 exists since it would be a natural candidate for the endpoint of the superradiant
instability.
To address this question, we first note that the zero-size limit of black resonators do not
approach AdS. Instead, they connect to horizonless solutions of the Einstein equation called
geons. These were perturbatively constructed in [17] and numerically constructed in [18]. Like
black resonators, they only have a single helical Killing field, and obey a simplified form of the
first law, dE = Ω dJ , where Ω is the angular velocity of the geon [18]. In the limit where
black resonators become arbitrarily small, ΩH = Ω. In this way, small black resonators can
be regarded as a small Kerr-AdS black hole placed in a geon with the same angular frequency.
Such an interpretation leads to quantitative statements [17, 9] (following the methods used in
[19, 20, 21, 22]) that were tested and confirmed in [15].
It therefore seems natural to suspect that a limiting ΩHL = 1 black resonator would also
be connected to a geon with ΩL = 1. So now we ask whether such a “limiting” geon exists.
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From the first law, such a solution satisfies E = J/L, which are minimum energy solutions at
a given angular momentum J . Said another way, these solutions saturate the bound E ≥ J/L
provided by the positive energy theorem in AdS [23]. One can thus formulate the question in
a different manner: are there horizonless solutions of the Einstein equation that are minimum
energy, besides AdS itself?
We answer this question in the negative by appealing to supersymmetry. Although our
original theory (1.1) is not a supersymmetric theory, it still admits solutions which are super-
symmetric. An example is empty AdS, which admits four Killing spinors [23]. More generally, in
AdS gravity the positive energy theorem [23] also states that the bound E ≥ J/L is saturated if
and only if the solution is supersymmetric. We prove that any supersymmetric solution of (1.1)
which is asymptotically AdS must be AdS itself.2 Thus we argue that the candidate endpoint to
the superradiant instability of Kerr-AdS and black resonators does not have a regular zero-size
limit.
Instead, if such a zero-size limit were singular, there must be a singularity located at the
centre of a “limiting” geon that can be covered by a horizon. We will argue that geons do not
develop curvature singularities in their centre in this m → ∞ limit. The accumulated evidence
therefore suggests that the putative endpoint to the superradiant instability does not exist.
This paper is structured as follows. In Section 2, we review black resonators and geons. In
Section 3, we then review the arguments of the positive energy theorem in AdS put forth in
[23]. In Section 4, we seek putative supersymmetric geons within N = 2 gauged supergravity,
by applying the results of [25, 26] which classify all supersymmetric solutions to this theory.
We show that under the simple assumption of compatibility with pure AdS gravity (1.1), the
conditions of [25] lead to a unique local metric tensor. Imposing asymptotic boundary conditions
completes the proof that there are no such geons. Finally, we discuss the implications of this
result.
2 Geons and Black Resonators
In this section, we review the phase diagram of black holes in AdS. Let us begin with a brief
discussion on thermodynamic ensembles. There are typically two ensembles where AdS/CFT is
discussed: the microcanonical ensemble and the grand-canonical ensemble. In the microcanonical
ensemble, the energy and angular momentum of the system are kept fixed and the relevant
thermodynamic potential is the entropy. In the grand-canonical ensemble, the temperature T
and angular velocity are kept fixed, and the relevant thermodynamic potential is the Gibbs free
2We note that [23] contains a footnote referencing unpublished work [24] wherein the same is proven. In this
paper we collect facts from published works and make this proof explicit.
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energy G ≡ E − ΩHJ − TA/4, where A is the area of the spatial cross section of the horizon.
Since we wish to discuss the relevant scenario where energy and angular momentum are
conserved, we will focus mainly on the microcanonical ensemble. In this ensemble, black holes
are preferred over pure AdS due to their entropy. In the context of AdS/CFT, black holes have
an entropy that scales as N2 for large N , while “empty” AdS has an entropy3 that scales as N
[27].
Let us now review the construction of geons. Recall that the spectrum of linear gravitational
perturbations of AdS [17, 28] is labeled by a type (scalar or vector), and several wavenumbers.
These wavenumbers are the polar wavenumber `, the azimuthal wavenumber m, and a radial
wavenumber p. The frequency is given by integer normal modes
ωAdSL = s+ `+ 2p , (2.1)
where s = 1 for scalars and s = 2 for vectors. The wavenumbers ` and m come from spherical
harmonics and satisfy the relation ` ≥ |m|. Due to the presence of discrete symmetries, we
henceforth take m to be positive without loss of generality.
One can attempt to start with some linear combination of these modes and continue to higher
orders in perturbation theory. Generically, more than one mode is excited, and the fact that these
normal modes are evenly spaced causes higher-order modes to be excited that grow linearly in
time. This leads to a breakdown of perturbation theory and is conjectured to precede dynamical
black hole formation (a nonlinear instability of AdS) [1, 2, 17, 28].
However, exciting only a single-mode gives no obstruction to perturbation theory. Pertur-
bation theory survives to arbitrarily high order and yields a perturbative construction of a new
family of horizonless time-periodic solutions – the geons [17]. There is therefore a one-parameter
family of geons for every normal mode of AdS. At lowest order in perturbation theory, one
finds EL = ωAdSJ/m. A non-perturbative numerical construction of geons can be found in [18].
These geons have a characteristic angular frequency Ω and contain only a single Killing field
K = ∂t + Ω∂φ, where ∂t and ∂φ are asymptotically the time and azimuthal coordinates on the
boundary. Geons have finite energy E and angular momentum J and approach AdS in the limit
of small E or small J .
Black resonators can be found by performing a matched asymptotic expansion to place a
small Kerr-AdS black hole on a geon background [17, 9]. The angular frequency of the small
Kerr-AdS black hole must match the frequency of the geon ΩH = Ω, to ensure that there is no
energy flux across the black hole horizon. For black resonators with small E and J , one can
proceed perturbatively and obtain an approximate expression for the entropy [17, 9]:
S = 4piE2
(
1− ωAdS
m
J
EL
)2
, (2.2)
3This entropy comes from stringy modes [27].
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where the quantity inside the parentheses is guaranteed to be positive by the first law. Let us
attempt to maximise this entropy at a fixed E, J , which is equivalent to minimising ωAdS/m.
Note that we have the bound
ωAdSL/m =
s+ `+ 2p
m
≥ `
m
≥ 1 . (2.3)
This bound is saturated in the limit m → ∞, ` → ∞, keeping `/m = 1, and p finite, as first
noted in [7]. For definitiveness, we will later restrict ourselves to the s = 1, p = 0 and ` = m
family, and consider the m→∞ limit. Our conclusions will be the same for any other limit that
has ωAdSL/m→ 1.
Black resonators are also solutions that branch from the onset of the superradiant instability
in Kerr-AdS [15]. That is, they are black holes that connect the onset of superradiance to the
geons [15]. Let us therefore review how the onset of this instability was found [8, 9]. One
proceeds via linear perturbation theory about the Kerr-AdS metric g¯. Recall that Kerr-AdS is a
two-parameter family that can be uniquely parametrised by its energy E and angular momentum
J . Alternatively, this solution can also be parametrised by the angular velocity with respect to
the boundary ΩH , and the area radius R+ ≡
√A/4pi, where A is the horizon area. The Kerr-AdS
black hole has two commuting Killing fields, ∂t and ∂φ, as well as the so-called t-φ symmetry
which is a discrete symmetry that acts according to (t, φ)→ −(t, φ).
Now consider linear fluctuations gab = g¯ab+e
−iωt+imφhab, where we have used the Killing fields
∂t and ∂φ of Kerr-AdS to place the dependence on t and φ in a Fourier mode decomposition.
The linearised Einstein equation becomes a complicated set of PDEs in the form of a quadratic
eigenvalue problem in ω. For boundary conditions, one chooses ingoing conditions at the horizon,
and normalisable (finite energy) modes at the boundary. This system can be solved using the
Newman-Penrose formalism, and by writing the natural boundary conditions for the metric hab
in terms of boundary conditions for the so-called Teukolsky scalars [29].
Like the normal modes of AdS, the modes of Kerr-AdS are labeled by a type (scalar or
vector), a polar wavenumber `, an azimuthal wavenumber m, and a radial wavenumber p; so the
frequencies can be parametrised in full as ω(s, `,m, p, E, J), or equivalently ω(s, `,m, p,ΩH , R+).
The onset of the superradiant instability occurs precisely when Re(ω) = mΩH . Therefore, given
s, `, m, and p, there is a continuous one-parameter family of onsets. The behaviour of these
onsets is intricate, with different families crossing each other in phase space [9].
Black resonators branch from these onsets and connect (in moduli space) to the geons. Each
s,`,m,p therefore yields a two-parameter family of black resonators (which can be parametrised
by E, and J , or ΩH and R+). Black resonators were numerically constructed beyond perturbation
theory in [15].
Now let us put these pieces together and consider the full phase diagram in the regime of
small energy and angular momentum where we have perturbative control. As mentioned earlier,
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Figure 1: E vs. J phase diagram of AdS4 solutions. Pure AdS4 is the green dot at the origin. Kerr-AdS
lies in the light blue region above the solid blue line, which represents extremal Kerr-AdS. The dotted
lines near the bottom are geons (s = 1, p = 0, and ` = m = 2, . . . , 4 shown), with the thick red line
being the “limiting” geon family. The thin lines are the onsets of the superradiant instability (only
modes s = 1, p = 0, and ` = m = 2, . . . , 4 shown), with the thick red line being the ΩHL = 1 curve
where superradiance shuts down for all modes. Black resonators with s = 1, p = 0, and ` = m = 2 lie in
the purple region. There are black resonators for higher modes as well, and they all connect the onsets
to the geons.
let us also restrict ourselves to the s = 1 (scalar), p = 0 and ` = m family of black resonators and
geons. This phase diagram can be seen in Figure 1. Here, the onset modes, the black resonators,
and geons all have an angular frequency approximately given by ΩHL ≈ Ω ≈ 1 + 1/m. For a
given m, the E and J values of the onsets are approximately given by the E and J values of the
Kerr-AdS black hole with ΩHL = 1+1/m; the geons lie approximately at E/L = (1+1/m)J/L
2;
and the black resonators lie in the space between these two curves.
For the lowest value of m = 2, these black resonators were found nonlinearly [15], and their
entropy is higher than that of Kerr-AdS for the same E and J . From (2.2), black resonators with
the same E and J have increasing entropy with increasing m, but the entropy remains bounded.
Furthermore, all of these black resonators have ΩHL > 1. Therefore, they must be unstable to
superradiance. More precisely, the (yet unpublished) results of [16] mathematically prove that
these black resonators are unstable, since no Killing vector field that is everywhere timelike can
be found at the conformal boundary.
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But, a number of interesting things happen in the limit m→∞. First, ΩHL→ 1, which shuts
down the superradiant instability. That is, a “limiting” black resonator is stable to superradiance
and, as we pointed out earlier, is entropically dominant to all other black resonators of the same
E and J . If such a solution exists, it is therefore a prime candidate for the endpoint of the
superradiant instability. Second, note also that the “limiting” geon satisfies E/L = J/L2. That
is, these geons minimise the energy for a given angular momentum and therefore must be a
supersymmetric solution (we will discuss the positivity of energy theorem in the next section).
Since black resonators always connect to geons, at least for the asymptotic charges probed in
[15], we can address the existence of a limiting black resonator by attempting to address the
existence of a limiting geon.
Our argument that limiting geons saturate the bound E/L ≥ J/L2 relies on perturbation
theory. It is possible that this is no longer true when considering the fully nonlinear geons due
to small corrections in the perturbation expansion. However, the bound must still be satisfied
(as we will discuss in the following section), so the first law for geons dE = Ω dJ implies that
Ω ≥ 1. That is, small black holes placed in a geon have ΩHL ≥ 1, and so must be superradiant
unless the bound E/L ≥ J/L2 is saturated. It is therefore sufficient for our purposes to assume
that limiting geons satisfy E/L = J/L2.
3 The Positive Energy Theorem in AdS
As we pointed out in the previous section, the m→∞ limit of geons satisfies
E = |J |/L, (3.1)
and we are interested in whether such a limiting solution exists. In [23], it is proven that generic
asymptotically-AdS solutions to gravity theories with negative cosmological constant, whose
energy-momentum tensor satisfies the dominant energy condition,4 are subject to the bound
E ≥ |J |/L, (3.2)
and that furthermore, this bound is saturated if and only if the solution admits a Killing spinor.
Therefore the limiting geon we seek, if it exists, must be a supersymmetric solution to AdS gravity.
In this section, we review the proof of the bound (3.2) and its relation to supersymmetry.
The authors of [23] employ a similar line of reasoning to [30], which makes use of various
properties of Killing spinors. A Killing spinor is a (non-trivial) spinor  which is covariantly
4The dominant energy condition states that if uµ is either timelike or null, and future-pointing, then −Tµνuν
is also either timelike or null, and future-pointing.
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constant on the spacetime manifold M,
∇ˆµ = 0, (3.3)
for some notion of covariant derivative (which includes the Levi-Civita` connection in the spin
representation, as well as possibly terms coming from gauge connections and the cosmological
constant). Given a solution to (3.3), one can construct a variety of quantities out of spinor
bilinears,5
V µ ≡ ¯γµ, Φµν ≡ ¯γ[µγν], etc., (3.4)
which then inherit from (3.3) a number of first-order differential relations. In particular, the
vector V µ, so constructed, is always a Killing vector, and justifies our calling spinor solutions to
(3.3) “Killing”. Using Fierz identities, one can also show that a number of algebraic relations
hold, including (taking the metric signature to be “mostly plus”)
V µVµ ≤ 0, (3.5)
and thus V µ is timelike or null.
To obtain the energy bound, we will find it useful to consider AdS as a 4-dimensional sub-
manifold of R3,2 defined by the quadric surface
(X0)2 − (X1)2 − (X2)2 − (X3)2 + (X4)2 = − 3
Λ
, (3.6)
where Λ = −6/L2 is the cosmological constant. We then consider, as discussed in [31], a collection
of currents JAB which generate the O(3, 2) group under which (3.6) is invariant. Then J04
corresponds to the energy E, and J13 corresponds to the angular momentum J . The remaining
JAB can be made to vanish by an appropriate O(3, 2) rotation.
Choosing  to be a 4-component commuting Dirac spinor, the appropriate covariant derivative
in the presence of a (negative) cosmological constant is
∇ˆµ ≡ ∇µ+ i
(− 1
12
Λ
)1/2
γµ, (3.7)
where we shall match the gamma-matrix conventions of [23]. With respect to this covariant
derivative, it is easy to show that empty AdS spacetime admits four linearly-independent Killing
spinors. We are then interested in more general spacetimes which are asymptotically AdS. While
these spacetimes will not admit Killing spinors in general, they must admit asymptotic solutions
to (3.3), in the sense that
∇ˆµ = O(1/r2), as r →∞, (3.8)
5Here ¯ is some appropriately-defined conjugate spinor.
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as this is merely the condition that a solution approach AdS sufficiently fast. The spinor  itself
approaches
 = s0 +O(1/r), (3.9)
where 0 is a constant, non-zero spinor and s satisfies s¯s = 1.
Following [32], one can construct out of  an antisymmetric tensor
Eµν ≡ 2(¯γµνρ∇ˆρ− ∇ˆργµνρ), γµνρ ≡ γ[µγνγρ], (3.10)
such that the JAB are given by the surface integral of Eµν on the S
2 at infinity:
2i¯0JABσ
AB0 =
1
2
∮
S2∞
Eµν dΣ
µν , (3.11)
where σAB are the generators of SO(3, 2) in the spin representation. One can then apply Stokes’
theorem to obtain
2i¯0JABσ
AB0 =
∫
Σ
∇νEµν dΣµ, (3.12)
where now the integral is over the entire hyperslice Σ. Surface terms (such as at internal hori-
zons) can be avoided by taking Σ to be a smooth 3-surface which is everywhere spacelike. The
divergence of (3.10) is
∇νEµν = 2
[
∇ˆνγµνρ∇ˆρ+ ¯γµνρ∇ˆν∇ˆρ
]
+ c.c., (3.13)
and the second term, after using the Ricci identity and the Einstein equation, can be written in
terms of the energy-momentum tensor of all the matter fields:
¯γµνρ∇ˆν∇ˆρ = 1
2
T µνmat ¯γν. (3.14)
Thus the integral (3.12) becomes
1
2
i¯0JABσ
AB0 =
∫
Σ
[
∇ˆνγµνρ∇ˆρ+ 1
2
T µνmat ¯γν
]
dΣµ. (3.15)
As stated earlier, the vector Vµ ≡ ¯γµ is always timelike or null. Therefore if T µνmat satisfies
the dominant energy condition, then the second term in (3.15) is always non-negative. This
establishes that JAB is bounded by
1
2
i¯0JABσ
AB0 ≥
∫
Σ
[
∇ˆνγµνρ∇ˆρ
]
dΣµ. (3.16)
To complete the proof, one chooses orthonormal frames such that the 0 direction is normal
to Σ. In this basis, the integral (3.16) can be expanded as (indices a, b are 3-dimensional indices
along Σ):
1
2
i¯0JABσ
AB0 ≥ 2
∫
Σ
[
(∇ˆa)†(∇ˆa)− (γa∇ˆa)†(γb∇ˆb)
]
dΣ0. (3.17)
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One then observes that on any smooth spacelike surface Σ, the “Witten condition”
γa∇ˆa = 0 (3.18)
is an elliptic equation and has no zero modes. Thus there always exists a solution on Σ satisfying
the boundary conditions (3.8), (3.9) for a given 0. Choosing this , we then have
1
2
i¯0JABσ
AB0 ≥ 2
∫
Σ
(∇ˆa)†(∇ˆa) dΣ0, (3.19)
and, since 0 was arbitrary, the matrix (in the spinor indices) sandwiched between 
†
0(. . .)0 on
the left-hand side is seen to be positive semidefinite. Taking its trace, we obtain
|J04| − |J13| ≥ 0, (3.20)
and thus
E ≥ |J |/L. (3.21)
Furthermore, we see that (3.21) is saturated only if6
∇ˆa = 0. (3.22)
This is an equation only on Σ; however, by choosing a slightly different Σ with the same boundary,
one can show that  must in fact solve the full Killing spinor equation on M:
∇ˆµ = 0. (3.23)
Thus one has shown that, in asymptotically-AdS spacetimes, the energy is bounded from below
by the angular momentum (3.21), and this bound is saturated only if the spacetime admits a
Killing spinor.
In [23] it is furthermore shown that if E = |J |/L = 0, then one in fact has four Killing
spinors, and the spacetime must be AdS itself. If E = |J |/L = 0, then we must have that
i¯0JABσ
AB0 = 0 for all choices of 0. This implies that we have a complete basis of Killing
spinors. From (3.23) one can obtain an integrability condition for Killing spinors to exist:
∇ˆ[µ∇ˆν] = 1
4
[
Rµνρσ +
2
3
Λ gµρgνσ
]
σρσ = 0. (3.24)
And if (3.23) admits a complete basis of Killing spinors, we must have[
Rµνρσ +
2
3
Λ gµρgνσ
]
σρσ = 0, (3.25)
which implies that the spacetime has constant curvature. The asymptotic boundary conditions
then imply that the spacetime is AdS.
However, this argument does not apply to our situation, where we assume only that E =
|J |/L, which a priori can be saturated for any J . Indeed, geons always have J 6= 0. In the
following section, we develop a more general argument that relies on weaker assumptions.
6After proving that the unique solution with Killing spinors is AdS, we can strengthen this to “if and only if”.
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4 Supersymmetric Solutions of 4D Gauged Supergravity
To prove that the only asymptotically-AdS solution to (1.1) with Killing spinors is AdS, we
approach the problem from N =2 gauged supergravity. To a purist studying the problem (1.1),
this may seem like an extraneous maneuver; supergravity theories contain numerous additional
fields, such as gauge fields and scalars, and their fermionic superpartners. But a supergravity
theory can inform us about supersymmetric solutions to pure Einstein gravity by choosing these
additional fields to be trivial.7
We choose N = 2 gauged supergravity because a simple classification exists in the literature
[33] of its supersymmetric classical configurations. The field content is solely that of the N = 2
gravity multiplet, consisting of a graviton, two gravitini, and a Maxwell gauge field:
gµν , ψ
i
µ, Aµ, i = 1, 2, (4.1)
and the action is that of Einstein-Maxwell-Λ plus Fermi terms. We are interested in classical
solutions (thus ψiµ = 0) where the gauge field Aµ = 0, and thus these solutions also solve (1.1).
In [33] the authors work out the conditions which must be satisfied in order for a classical
solution be supersymmetric. These are essentially the existence of a Killing spinor
∇ˆµ = 0, (4.2)
where ∇ˆµ contains the usual cosmological term as in (3.7), as well as a twist constructed out of
the ‘supercovariant’ gauge field strength Fˆµν ≡ ∂µAν − ∂νAµ− Im(ψ¯µψν). To obtain a useful set
of supersymmetry conditions, one constructs various spinor bilinears out of  and explores the
consequences of (4.2) and the Fierz identities.
Here we summarize the results of [25] without delving into too much detail. Out of spinor
bilinears, one can construct a scalar ϕ, a pseudoscalar %,8 a vector V , a pseudovector A, and a
2-form Φ. Together with the Maxwell 2-form F , these satisfy the algebraic relations, obtained
from Fierz identities
ϕV = − ?
4
(A ∧ Φ), ϕA = − ?
4
(V ∧ Φ), (4.3)
% V = −( ~A¬Φ), %A = −(~V ¬Φ), (4.4)
~A · ~V = 0, A2 = −V 2 = ϕ2 + %2 ≡ −N, (4.5)
ϕ% = −1
2
?
4
(Φ ∧ Φ), ϕΦ− % ?
4
Φ = − ?
4
(V ∧ A), (4.6)
7Trivial in this case means setting the scalars of the gravity multiplet to constants and other fields to zero.
8Here we have re-named the functions f and g of [25] to avoid confusion with the metric, which we call g, and
a conformal rescaling, which we shall call f .
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Φ(µ
ρεν)ραβΦ
αβ − 1
4
gµνερσαβΦ
ρσΦαβ = 0. (4.7)
One also has differential relations obtained from (4.2):
dϕ = −(~V ¬F ), d%+ 1
L
A = − ?
4
(V ∧ F ), (4.8)
dA = 0, dV = 2
( 1
L
Φ− ϕF − % ?
4
F
)
, (4.9)
L~V g = 0, L~V F = 0, L ~A g = −
2
L
% g − 2Tˆ , (4.10)
∇µΦαβ = 2
L
gµ[αVβ] + 2F[α
σεβ]σµνA
ν + Fµ
σεσαβνA
ν + gµ[αεβ]νρσA
νF ρσ, (4.11)
where Tˆ is an energy-momentum-like tensor given by
Tˆµν ≡ F(µρεν)ραβΦαβ − 1
4
gµνερσαβF
ρσΦαβ. (4.12)
As seen in (3.5), the Killing vector V may be either timelike or null. One can attempt to
argue whether we must make one choice or the other. The geon solutions of [18] have wedge-
shaped regions, distributed in a “fan” around the central axis, where their unique Killing vector
is alternately timelike and spacelike. One could argue that since finite regions of timelike Killing
vector exist, we must choose V timelike. On the other hand, it is unclear what should happen
in the m → +∞ limit. This limit induces highly oscillatory behaviour as one circles the axis,
and one could argue that the timelike and spacelike regions “average out”, leaving a null Killing
vector.9 As such, we see no convincing argument that the limiting geon, if it exists, must be in
one class or the other. For completeness, we examine both the timelike and null cases:
4.1 The Timelike Case
First, take V to be timelike, and hence N < 0. The authors of [25] provide a construction of
timelike solutions; however, to clarify our particular case (where the Maxwell field F = 0), we
find it more straightforward to provide our own construction.
We can choose ~V = ∂t, and write the metric ansatz as
g = N(dt+ ω)2 − 1
N
ds23, (4.13)
where everything is independent of t.10 Then the above collection of supersymmetry conditions
9Except on the axis itself, where the Killing vector is always timelike, but this is a set of measure zero.
10Here we will make a departure from [25] and not set any pre-emptive ansatz for ds23, aside from that it be
independent of t.
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imply that F and Φ can be written:
Φ = − 1
N
[
% V ∧ A− ϕ?
4
(V ∧ A)
]
, (4.14)
F = − 1
N
[
V ∧ dϕ+ ?
4
(
V ∧ (d%+ 1
L
A
))]
, (4.15)
where as a 1-form, V = dt+ ω.
4.1.1 Purely gravitational solutions
We are interested in purely gravitational solutions, where F = 0. Therefore the various differen-
tial conditions simplify to
dϕ = 0, d%+
1
L
A = 0, dA = 0, dV =
2
L
Φ, L ~A g = −
2
L
% g. (4.16)
The last of these tells us that ~A is a conformal Killing vector. Therefore it is possible to define
a conformally rescaled metric
gˆ = e2f g (4.17)
on which ~A is an ordinary Killing vector. Moreover, since the function % is independent of V ,
then we conclude that V is also a Killing vector of gˆ, and A and V commute. Thus we can
reduce the problem to cohomogeneity 2.
First we find the appropriate conformal rescaling f . Choose ~A = ∂z for some coordinate z
(not necessarily the same one as in [25]). We want
L ~A gˆ = 0 = 2e2ffz g − e2f
( 2
L
% g
)
, (4.18)
and hence we must choose
fz =
1
L
%. (4.19)
Now we write down a metric ansatz for gˆ. Since V and A commute and ~V · ~A = 0 (which is
preserved under conformal rescaling), we can write
gˆ = −P (dt+ ω)2 +Q (dz + β)2 + h, (4.20)
where h is a 2-dimensional metric in some coordinates (x, y), and all quantities depend only on
(x, y). Re-inserting the conformal factor, we have g = e−2f gˆ, and thus
g = e−2f
[
− P (dt+ ω)2 +Q (dz + β)2 + e2u(dx2 + dy2)
]
, (4.21)
where now f may depend on z, but all other quantities are functions of x, y only.
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From the algebraic supersymmetry conditions, we conclude that P = Q. Now let us imple-
ment the differential conditions. First dA = 0 gives
− 2Q (fz dz + dˆf) ∧ (dz + β) + dˆQ∧ (dz + β) +Q dˆβ = 0, (4.22)
where we define dˆ to act only on x, y. Hence it must be true that dˆβ = 0, and thus β can be
eliminated by a shift in the definition of z. What remains is
dˆ(logQ) ∧ dz = 2 dˆf ∧ dz. (4.23)
But the right-hand side generically depends on z, while the left-hand side does not. Thus we are
left with two possibilities:
i. Case 1 : In fact fz = 0, and thus 2f = logQ, or
ii. Case 2 : fz 6= 0, and thus dˆf = dˆQ = 0. That is, Q is a constant, and f is a function of z
only.
In the first case, by (4.19) one would have % = 0, and then by the second relation in (4.16),
one would have A = 0. This is clearly inconsistent with supersymmetry, which requires A to be
non-vanishing. Therefore the first case is eliminated.
Proceeding with the second case, then, we can choose P = Q = 1 without loss of generality,
and f = f(z) only. The metric ansatz becomes
g = e−2f
[
− (dt+ ω)2 + dz2 + e2u(dx2 + dy2)
]
. (4.24)
4.1.2 Choosing Another Gauge
To proceed further, it is useful to choose a different gauge. The metric contains a term e−2f(z) dz2,
which we may easily change into any form we like. First we observe that
dϕ = 0, hence ϕ ≡ ϕ0 = const. (4.25)
Next we use A2 = ϕ2 + %2, which gives
e−2f = ϕ20 + %
2. (4.26)
Keeping this in mind, we can also approach from the other direction. Combining the facts
d%+
1
L
A = 0, and fz =
1
L
%, (4.27)
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we can integrate the first equation and obtain again e−2f = %2 + c. Thus we set c = ϕ20, and we
can write the metric as
g =
L2 d%2
%2 + ϕ20
+ (%2 + ϕ20)
[
− (dt+ ω)2 + e2u(x,y) (dx2 + dy2)
]
. (4.28)
It is also useful to write down that, in this gauge, we have
−N = %2 + ϕ20, A = −L d%, V = −(%2 + ϕ20) (dt+ ω). (4.29)
There is one remaining supersymmetry condition to impose, given by
dV =
2
L
Φ = − 2
L
1
N
[
% V ∧ A− ϕ?
4
(V ∧ A)
]
(4.30)
Taking the exterior derivative of this results in the condition
dω = − 2
L
volh = − 2
L
e2u dx ∧ dy. (4.31)
We point out that on a 2-surface with metric h, one always has a complex structure and volh
is its Ka¨hler 2-form. Thus the angular momentum ω is −2/L times the 1-form potential of the
Ka¨hler form.
4.1.3 Solving the Einstein equation
The supersymmetry conditions we have solved thus far are not sufficient to solve the equations
of motion. We must also use the Einstein equation
Ricg−1
2
Rg g + Λ g = 0. (4.32)
We will show that this is sufficient to fix the constant ϕ0 and the 2-metric
h ≡ e2u (dx2 + dy2). (4.33)
To begin, we find it useful to define
% = ϕ0 sinh ρ. (4.34)
Then the metric ansatz (4.28) becomes
g = L2 dρ2 + ϕ20 cosh
2 ρ
(
− (dt+ ω)2 + h
)
. (4.35)
Defining g˜ ≡ −(dt + ω)2 + h as the term in parentheses, the Ricci tensor of (4.35) is easy to
compute:
Ricg = −3 dρ2 + Ricg˜−ϕ
2
0
L2
(
2 sinh2 ρ+ cosh2 ρ
)
g˜, (4.36)
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and imposing Ricg = k g reveals k = −3/L2 as expected. Plugging in −(3/L2) g on the left, the
functions of ρ drop out, and on the 3-metric g˜ we obtain
Ricg˜ = −2ϕ
2
0
L2
g˜. (4.37)
Next, we compute the Ricci tensor of g˜ ≡ −(dt+ ω)2 + h, and applying (4.31), we obtain
Ricg˜ =
2
L2
(dt+ ω)2 +
2
L2
h+ Rich . (4.38)
Comparing to (4.37), we must have
ϕ0 = 1, and Rich = − 4
L2
h. (4.39)
But this now uniquely fixes h:
h =
L2 (dx2 + dy2)
4y2
, and hence ω = −L dx
2y
. (4.40)
Then the local form of the metric g is completely fixed. Rescaling t→ L t, we can write
g = L2 dρ2 + L2 cosh2 ρ
[
−
(
dt− dx
2y
)2
+
dx2 + dy2
4y2
]
, (4.41)
which is the metric of AdS4 written with AdS3 slices. Therefore we have shown that the only
solutions with timelike Killing vector and at least one supersymmetry are locally AdS. Applying
our boundary conditions, we thus prove that the only asymptotically-AdS “geon” with E = |J |/L
whose Killing vector is timelike in some finite region must in fact be AdS itself.
4.2 The Null Case
In the case that the Killing vector V µ ≡ ¯γµ is null, the authors of [25] have obtained the general
solution in a form that is easily adaptable to our purpose, so we do not repeat their calculation
here. The result, for vanishing Maxwell field F , is given by the metric
g =
L2
x2
(
G(u, x, y) du2 + 2du dv + dx2 + dy2
)
, (4.42)
where V ≡ ∂/∂v and the function G must solve(
∂2
∂x2
+
∂2
∂y2
− 2
x
∂
∂x
)
G(u, x, y) = 0. (4.43)
The metric (4.42) has previously been considered by Siklos [34] (a particular example was first
found in [35]; for review and analysis see [36]). One can write down the general solution to (4.43)
by first observing the following identity of operators [34]:(
∂2
∂x2
+
∂2
∂y2
− 2
x
∂
∂x
)(
x2
∂
∂x
)
≡
(
x
∂
∂x
− 1
)(
∂2
∂x2
+
∂2
∂y2
)(
x ·
)
. (4.44)
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Hence the function G can be written
G(u, x, y) = x2 ∂
∂x
(
f(u, z) + f¯(u, z¯)
x
)
, z ≡ x+ iy, (4.45)
for an arbitrary holomorphic function f .
4.2.1 Applying Boundary Conditions
Holomorphicity of f is a very strong constraint, and we will show that this is enough to fix G.
We apply boundary conditions. The metric (4.42) resembles the Poincare´ patch of AdS, and so
infinity lies at x→ 0. To obtain AdS asymptotics, we must have
G → (const) +O(x), as x→ 0. (4.46)
For the function f , this corresponds to
f(u, z)→ c0 + ξ(u)z +O(z2), as z → 0, (4.47)
where c0 is a constant and ξ(u) is an arbitrary function of u.
Likewise, in the limit x→∞ we demand regularity, which requires
G → (const) +O(x−1), as x→∞. (4.48)
For the function f , this means
f(u, z)→ ξ˜(u)z + c˜0 +O(z−1), as z →∞. (4.49)
But in order for spacetime to be smooth on 0 < x <∞, the function f must be holomorphic on
0 < Re(z) <∞. Thus (4.47) and (4.49) must actually be the same Laurent series, and
f(u, z) ≡ c0 + ξ(u)z, (4.50)
exactly. This implies that G = (const) everywhere, and thus the metric (4.42) is (locally) uniquely
fixed to be AdS. Applying our global boundary condition, we thus prove that an asymptotically-
AdS “geon” with E = |J |/L and Killing vector which is null in some finite region must in fact
be AdS itself.
Thus we prove that in both cases (with either timelike or null Killing field), the unique
supersymmetric solution asymptotic to AdS is AdS itself, and there can be no geons with E =
|J |/L.
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5 Conclusions
Let us summarise our results. For any energy and angular momentum in the superradiant regime
of Kerr-AdS, there is a countably infinite family of black resonators labeled by an integer m.
All of these black resonators have more entropy than Kerr, but are nevertheless still unstable to
superradiance. However, taking the limit m→∞ shuts down superradiance and also maximises
the entropy. Therefore, a limiting solution, if it exists, is a natural candidate for the endpoint of
the superradiant instability. But the zero-size limit of these limiting black resonators is expected
to be a geon that saturates the minimum energy bound, and is therefore a supersymmetric
solution. Such a geon cannot exist because the only supersymmetric vacuum solution with AdS
asymptotics is AdS itself.
These results support the claim that such a limiting black resonator solution does not exist,
since they would not have a zero-size limit. But, the proof that AdS is the only supersymmetric
solution assumes smoothness. There could be a limiting geon that is singular, and it is conceivable
for a regular black resonator to cover a singularity with its horizon. We find this possibility
unlikely since the singularity must appear at the centre of the limiting geon in order for a black
hole to cover it. Evidence suggests that the centre of geons becomes smoother (i.e. the curvatures
become smaller) rather than more singular in the m → ∞ limit. The perturbative results of
[17, 37] found that curvatures in the centre of geons decrease with increasing m for m = 2, m = 4,
and m = 6. Furthermore, the perturbation functions behave near the origin as rm, suggesting
that the centre becomes flatter with increasing m. Though, this is not a proof as there may be
other factors of m that would affect the curvature.
Besides the “limiting” resonators, we know of no other candidate solution for the endpoint
of superradiance. If there is indeed no regular solution that is also stable to superradiance, then
there are two logical possibilities for the endpoint of the superradiant instability: either a singular
solution is reached in finite time, or the system never settles to any solution. The former would
be a violation of cosmic censorship, such as in [38]. In the latter, it is entropically favorable that
structure develops on smaller and smaller scales, because black resonators with higher m have
higher entropy, and for all m are still unstable to superradiance, as conjectured in [22, 15]. At
some point, the effects of quantum gravity would become significant, thus violating the spirit, if
not the letter, of cosmic censorship.
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